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Abstract 

We prove explit formulas for the decomposition of a differential graded Lie 
algebra into a minimal and a linear Loo-algebra. We define a category of metric 
Loo-algebras, called Palamodov Loo algebras, where the structure maps satisfy 
a certain convergence condition and deduce a decomposition theorem for differ- 
ential graded Lie algebras in this category. This theorem serves for instance to 
prove the convergence of the Kuranishi map assigned to a differential graded Lie 
algeba. 
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Introduction 

As observed by Kontsevich [8] and others, any Loo-algebra over a field of characteris- 
tic zero can be decomposed into a direct sum of a minimal and a linear contractible 
Loo-algebra. This means that there exists an Loo-structure on the cohomology H{L) 
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of the complex {L, d), where d is the hnear component of the Loo-structure of L, such 
that H{L) is a direct summand of L, not only as a graded module but also as an Loo- 
algebra. This has two important consequences: first, any quasi-isomorphism between 
Loo-algebras over a field of characteristic zero can be inverted (we may thus speak 
oi L^- equivalence) and secondly, the deformation functors (local Artin rings)— > (sets) 
assigned to quasi-isomorphic DG Lie algebras (see [8] or [13]) are isomorphic. Thus, 
if the deformations of an object are governed by a DG Lie algebra L (i.e. defor- 
mations of the object correspond to Maurer-Cartan elements of L and equivalent 
deformations are in the same orbit of the action of a Lie group related to L^), then 
the Loo-equivalence class of L contains the formal deformation theory of the object. 
For example, the base of a formally versal deformation, if it exists, is defined by the 
Kuranishi-map H{LY — > H{L)'^, whose Taylor coefficients are the restrictions of the 
Loo-structure maps of H{L). This motivates the question of an explicit description 
of the Loc-structure on H{L) and of an Loo-map H{L) ^ L in the case where L is 
just a DG Lie algebra (recursion formulas were already indicated by Kontsevich [7] 
and Huebschmann/Stasheff [4]). We give an explicit description for the structure on 
H{L) in function of a splitting (i.e. a degree —1 map ij : L ^ L with dr]d = d) of the 
complex (L, d), and an explicit description of an Loo-isomorphism H[L) ® (F, d) L, 
where F is the complement of H(L) in L. The improvement with respect to [20] is 
that now, we also have an explicit description of the map {F,d) — > L. In [20], the 
existence of such a map was obtained by obstruction theory. Since an inverse isomor- 
phism can recursively be constructed by the inverse function theorem for Loo-algebras, 
this allows a complete algorithmic decomposition of a split DG Lie algebra. 

There is the deeper question of the convergence of the Kuranishi map. The present 
paper contains a quite general answer to this question: To formulate the main result, 
we need some analytic language: First of all, the algebraic language of Loo-algebras 
or equivalently, of formal DG manifolds, is not sufficient for convergence questions. It 
would be straight forward, but for many deformation problems still not sufficient, to 
define Banach Loo-algebras, i.e. Loo-structures {fJ,n)nm on underlying graded Banach 
spaces L, such that the formal sums J2n^.f^n, with jln{x) = fin{x, ■ ■ ■ ,x) converge 
on some zero neighbourhood. We introduce, more generally, Palamodov Loo-algebras, 
where the underlying graded vector spaces do not even have a norm but a metric de- 
fined by a countable family of semi-norms. We need a subtable notion of convergence, 
for this context. For Palamodov DG Lie algebras admitting a splitting, we prove the 
convergence of the structure /x on L[{L) and of the map L[{L) (B F ^ L and since 
the inverse function theorem is valid for Palamodov Loo-algebras, this implies the 
decomposition 

{L,d, [;■]) = (Lr,/i)®(F,o!) 

in the category of Palamodov Loo-algebras. Recall that this decomposition specialises 
to the Banach context. 
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1 Formal DG manifolds 



In this section, we give a detailed review of the correspondence between Loo-algebras, 
formal DG-manifolds and free DG coalgebras. Experts may skip this section. 

1.1 Graded symmetric and exterior algebras 

Let IfC be a commutative ring of characteristic zero. For a graded K-module M, the 
graded symmetric algebra SM is defined as the tensor algebra TM = ®„>oAf®" 
modulo the relations mi ® 1712 — (— l)'"^™'^m2 ® mi = 0. We denote the graded 
symmetrical product by 0. The algebra TM (resp. SM) is bigraded. The graduation 
on TM (resp. SM) defined by g{mi (g) . . . (g) m„) = g{mi) + . . . + g{mn) (resp. 
g{m,iQ. . .Qmn) = g{m,i)-\-. . .+g{m,n)), where g is the graduation of M, will be called 
linear graduation. The one defined by g{mi®. . .®mn) = n (resp. g{miQ. . .Qmn) = 
n) will be called polynomial graduation. On S+M := 0„>iM®"', there is a natural 
K-linear comultiphcation A+ : S+M S+M S'+M, given by 

n-l 

miQ. . .Qmn Yl e(c7,mi,. . . , m„)mo.(i)0. . .Qm^^^Qm^^+i^Q. . .0m^(„), 

j=l aeSh{j,n) 

where the sign e{a) := e{a, mi, . . . , m^) is defined in such a way that m^^i^ ... 
m„{n) = e(c)mi ... m„. Note that KernA^" = M. On SM, there is a IK-linear 
comultiphcation A, defined by A(l) := 1 1 and A(m) := m 1 + /^'(w) + 1 m, 
for m G 5+M. Note that A is injective. 

For a graded module L, the graded exterior algebra L without unit is defined as 
the tensor algebra T+L = ©„>iL®"' modulo the relations ai0a2 + (— l)"^"2a20ai = 0. 
We denote the graded exterior product by A. By L[l], we denote the graded module 
with L[lY = and by J, the canonical map L L[l] of degree —1. Set T-=i~'^- 
Remark that for each n > 1, there is an isomorphism 

T: — . L[l]®" 
ai A . . . A a„ ^ (_l)(n-i).ai+...+i....a„_i I ai . . . i a„. 

n(n— 1) 

Its inverse map is given by (—1) 2 j*^. In this formula, we deduce the sign from the 
Koszul convention. More generally, for homogeneous graded morphisms /, g of graded 
modules, we set (f Q g){aQb) := (— l)^°/(a) Qg{b). In the exponent, a always means 
the degree of an homogeneous element (or morphism) a and ab means the product of 
degrees and not the degree of the product. 

For a G T,n and ai, . . . , a„ G L, we define the sign x(^) •= xC"^) o,n, ■ ■ ■ , o-n) in such a 
way that 

0(t(i) a ... a a^(„) = x(o-)ai A . . . A a„. 
The correlation between % and e is given by 

X{a, ai,...,an) = (-l)("-i)(»i+Mi))+-+i-K-i+«.(n-i))e(c7, [ ai, . . . , [ an), 
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for ai,...,a„ G L. For a graded module V, we define two different actions of the 
symmetric group S„ on V®"^: The first one is given by 

The application of a o" commutes with the canonical projection F®" — F®". The 
second one is given by 

{a,Vi (g) . . . (g) Vn) HH' x{<^,vi,...,Vn)v^(^i) (g) . . . (g) . 

Here, the application of a cr commutes with the canonical projection F®" — A'^V. 
When we work with symmetric powers, we use the first action; when we work with ex- 
terior powers, we use the second one. Since the context shall always be clear, we don't 
distinguish both actions by different notation. We will use the (anti-)symmetrization 
maps: 

a„ := ^ a. : F®" F®". 

When (T. denotes the first action, a„ can be considered as a map F®" y^n.^ when a. 
denotes the second action, a„ can be considered as a map A^V —>■ F®". Furthermore, 
for both cases, we will use the maps 

a&Sh{k,n) 

For the natural projection tt : F®" F®" (resp. 1/®" ^ /\"'V), we have 

TT o a = n! Id . 



1.2 Free differential graded coalgebras 

Let (Ci,Ai) and {02,^2) be coalgebras. Remember that a module homomorphism 
F : Ci — > C2 is a coalgebra morphism, if and only if the diagram 



Ci 



Co 



(1.1) 



^ ^ F^F „ „ 

commutes. Each coalgebra morphism F : {SM, A) — > [SM', A) satisfies i^(l) = 
1. The restriction F ^ F\s^m is a one-to-one correspondence between coalge- 
bra morphisms {SM, A) (SM', A) and coalgebra morphisms F : (S'+M, A"*") — > 
(S'+M', A+). We fix the following notions: 



Fn :=i^|M0» : M®" SM' 
Fk,i ■.= PT^,ei oFk-.M^^-^M' 
Fn :=F„,i : M®" M' 
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Sometimes, we shall consider the maps Fn as graded symmetric maps M*^" — > M' 
instead of maps M®" ^ M'. For each multi-index / = (zi,...,Zfe) € N*^, we set 



I! 



I . 



ifc! and |/| := ii + . . . + and 
1 



Fi:-- 



I\k\ 



{Fi^ Q . . . Q Fi^) o an. 



Fi^ and the natural 



Here, by Fj^ ... Fi^, , we mean the composition of Fi^® . . 
projection M'®^ — > M'®^ . A morphism F : SM — > SM of graded coalgebras is called 
strict, if F„ = for each n>2. 



For a coalgebra (C, A), remember that a module homomorphism Q : C ^ C is a 
coderivation, if and only if the diagram 



C 



C 



(1.2) 



C ®C ^C(g) c 



commutes. We fix the following notions: 



Qn :=Q|m0« : M®" SM 

Qn :=Qn,i : M®" M 

Observe that there is a one-to-one correspondence between degree i coderivations on 
{S+M, A~^) and degree i coderivations of Q degree +1 on (5M, A) with Q{1) = 0. 
By the following proposition, there is a one-to-one correspondence between degree i 
coderivations Q : SM — ^ SM and sequences of linear maps Qn '■ SnM — ^ M of degree 
i, and a one-to-one correspondence between coalgebra maps F : SM — SM' and 
sequences of linear maps F„ : SnM M', n > 1. 

Proposition 1.1. Let Q (resp. Q' ) he a degree i coderivation on SM (resp. SM' ) 
and F := SM SM' a morphism of graded coalgebras. Then, for n > 1 and 
1 < I < n + 1, 1 < k < n, we have 

Qn,l = {Qn-l+l 1 ... 1) o an-l+l,n 

and 

Fn,k = Fi. 
h+...-\rik=n 

The map F respects the coderivations Q and Q' if and only if F{Q{1)) 
for each n>\, we have 

n 

Y^Y^Q'koFi= ^ o (Qfc 1 . . . 1) o ak,n- 
k=\ jgNfc fe+/=n+l 

|/|=n 



= Q'(l) and 
(1.3) 
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On the right hand-side, the sum is over all I > 1 and k >0. The term (Qo <8) 1 <8) . . . <8) 
(g) . . . (g) rUn) must be interpreted as Qo{l) <8) mi (g) . . . (g) m„. 

Set Coder*(S'M) to be the module of degree i coderivations. The direct sum Coder(S'M) = 
0igz Coder* (SM) is a graded Lie algebra with graded commutator 

[Q,q]=Qoq-{-lf-lqoQ 

as Lie bracket. Explicitly, 

[Q,q]n= E Qi°iQk^l^''-'')oak,n-{-lf-%o{Qk^l^--'')oak,n. (1-4) 

Observe that a degree 1 coderivation Q on SM is a codifferential (i.e. = 0) if and 
only if, for each n > 0, we have 

k+l=n+l 

By definition, a free DG coalgebra is a pair {SM, Q^), where M is a graded IK-module 
and Q"^^ is a degree one codifferential on SM. A morphism of free DG coalgebras is 
a coalgebra map of degree zero respecting the codifferentials. 

1.3 Formal vector fields as coderivations 

Before we introduce the equivalent notions of formal DG manifolds and Loo-algebras, 
we make some remarks on analytic space germs and on analytic vector fields: An 
analytic function / : — > C"* defined on a neighbourhood of can weather be 
represented by a power series 

with coefficients an in C"* or as a sum 

where fn{x) = fn{x, . . . , x), for a uniquely defined symmetric n-linear map : C^^ ® 
. . — > C™". The map fn is the n-th Taylor coefficient of /. The relation between 
the coefficients ai, and fn is given by the formulas 

/n = E «-(^*)®'' 
\v\=n 

and 
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For the verification of this formulas, remark that 

(a,(e*)®n~(^) = ^a,(e*)®'^(x®^) = \v\\a,x\ 

Let R = C{ej)j£j be a free g-finitely generated algebra over the convergent power 
series algebra = C{ej}j^jo. Let R = C[[xj]] be the m-adic completion of R, 
where m is the ideal generated by the xj; j € J. Consider the graded C- vector space 
M = UjgjCej with generators of degree —g{ej) = g{xj). Consider SM as graded 
coalgebra. The multiplication in the dual algebra (SM)* of (5M, A) is given by 

(a0 6)(m) = (a0 6)(A(m)) = €{a,m){-l)< ''aim'^) ■ b{m'^), 

for a e (Af®*^)*, b G (Af®')* and rn G Af®^+'. We have an isomorphism R ^ (SM)* 
of graded algebras sending Xj to the dual generator of M*. The inverse map is 
given by 

n=0 \u\=n 

where we sum only over the ordered multi-indices with indices of odd degree appearing 
at most once. For an ordered multi-index v = (vi, . . . , vn), we have 

(e*)©^ := (el)®"' ... (e|^)®^^ = z/!(e®^)*. 

Let m be the canonical maximal ideal of R and set Der(i?) = ©jgz Dcr*(i?,) to be the 
graded vector space of all C-linear, m-adic continuous derivations of R. The graded 
commutator defines a graded Lie structure on Der(i?). Observe that the dualization 
map Q I— Q* is an isomorphism of graded Lie algebras 

Coder(5M) — > Dcr(S'(Af )*). 

The inverse map sends a derivation 6 to the sum ^j^jSj ■ S{ej). 

Consider an open subset M of C"* with G M. An analytic vectorfield g on M is an 
analytic map M — > C"*. Locally at 0, it is given by a power series 

oo ^ 

q:x<-^ V— g„(a;,...,x), 
^-^ n! 

n=0 

where g„ : x . . . x C™ — > C™ is a unique symmetric n-linear map, i.e. (jn : x ^ 
Qnix, ... is a homogeneous polynomial function of degree n. Recall that as a Lie 
algebra, we can identify the set of analytic vectorfields on M with the Lie algebra of 
C-linear derivations of the section algebra r{OM, M), where the Lie bracket is the 
commutator of derivations. The following exercise gives the algebraic description of 
this Lie bracket: 
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Exercise 1. For vectorfields Q, q on M, we have [Q, q]{x) = Y^^=q l^XQ^ ^In (^)i where 
the symmetric n-linear map [Q,(i\n is given by the following formula: 

[Q,q]n{xi, ...,Xn) = 

Eit+Z=n+1 Eo-6Sh(ifc,n) QMk{Xa{l),- ■ ■ ,X^q,-)),X^q,^i), . . ■ ,X„(n))- (1.5) 

qi {Qk {Xa{l) ) • • • ) a^(T(fe) ) ) X^(^k+i) Xcr(n) ) • 

If we replace M by an arbitrary vector space, we can define the Lie algebra of formal 
vectorfields on M, i.e. of formal sums q = J2 ^.Qn, where each qn ■ Af®"^ ^ M is 
a symmetric n-linear map and the bracket [Q,q] of formal vectorfields Q,q on M is 
the formal sum '^[Q,q]n, where [Q,q]n is defined by the equation (1.5). To define 
formal DG manifolds, we generalise the definition of formal vectorfields to the graded 
context, where the word symmetry is replaced by the word graded symmetry. 

1.4 Formal DG manifolds and Loo-algebras 

Let M be a graded K-module. A formal vectorfield of degree i G Z on M is a 
formal sum q = ^q-n, where each g„ : M®" — > M is a graded symmetric n-linear 
map of linear degree i. Set Vect*(M) to be the IK-module of formal vectorfields of 

degree i on M. The direct sum Vect(Af) := ^^jg^ Vect*(Af) has a graded Lie algebra 
structure with Lie bracket defined by equation (1.4). By definition, the graded Lie 
algebras Vect(M) and Coder (SM) are canonically isomorphic. A formal DG man- 
ifold is a pair (M,Q^), where M is a graded K-module and Q is a formal degree 
one vectorfield on M with = 0. In other words, a formal DG manifold 

is a pair {M,Q^) such that the pair {SM,Q^) is a free DG coalgebra. A mor- 
phism / : M — > M' of formal DG manifolds is a formal sum / = Y1'^=q fn, where 
fn '■ M^'^nachM is a graded symmetric map such that the family (/n)n>i defines 
a morphism SM — > SM' of DG coalgebras. Thus, the category DG — Manf of 
formal DG manifolds is canonically isomorphic to the category of free DG coalgebras. 
Geometrically, a morphism of formal DG manifolds is a morphism of space germs, 
equivariant with respect to the given vectorfields. 

Remember that a module L with a sequence of maps : A" ^ — * ^ of degree 2 — n, 
for n > 0, is called an L(x,-algebra if the pair (M, Q^'^) with M := L[l], and 

Q„ := (_i)n("-i)/2 I o^„o t": M®" M 
is a formal DG manifold. This condition is equivalent to the equations 

k+l=n+l (TeSh(fe,n) 

for each n > and ai,...,an G L. In the literature, fj,o is mostly assumed to be 
trivial. If this is the case, {L^jii) is a DG module. An Loo-algebra {L,fin)n>i is called 
minimal, if fj,i = 0. It is called linear, if /x^ = for i >2. 
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Let (L,/U^,) and be Loo-algebras. Set M := L[l], M' := L'[l]. A sequence of 

maps /„ : /\" L — > L'; n > 1 of degree 1 — n is called Loo-morphism, if the maps 
:= M/®" — > W induced by (explicitly: F„ = (-l)«("-i)/2 | o/„o j") define a 
morphism of formal DG manifolds. Rewrite condition (1.3) in terms of fn and ;U„: 

°fn- Ei+j=n ^^Mi, fj) ° 0!ij 
+ ELsE.eM. (-l)M^-l)/2+n(fe-l)+...+H-i.l^/ o/, (1.7) 

|/|=n 

= Efe+/=n+i(-l)'=^'"'V« o (/.fe 1(8 . . . (8 1) o aik,. 

For the case where L' is a differential graded Lie-algebra, i.e. fi'f^ = for A: = and 
k > 3, set d := fi^ and [ , ] := /i2- S^^ ^he following conditions for the maps /„ to 
define an Loo-morphism (see Definition 5.2 of [11]): 

dfniai, ■ ■ ■,an)- 

= Ek+l=n+l Z)^GSh(fe,n)(-l)''^'~^^X(^)/KMfc(ao-{l), • • • >«<T(fe)),«<T(fc+l), ■ ■ ■ >«a(n)), 

where ai, . . . ,an & L and the second sum goes over all a in Sh(i, n) such that a(l) < 
a{i + 1). A morphism / : {L,fin)n>i — ^ {L' , tJ'n)n>i of Loo-algebras is called an 
Loo-quasi-isomorphism, if /i is a quasi-isomorphism of differential graded modules. 

Proposition 1.2. Let f : M — ^ M' be a morphism of formal supermanifolds. Sup- 
pose, there is a module homomorphism g' : M' — > M such that g' o fi = Wm- Then, 
there is a morphism g : M' — > M of formal supermanifolds such that gi = g' and 
gf = Id-M- If fi is an isomorphism with inverse g and if f is Q-equivariant and if g' 
respects and , then g can be chosen Q-equivariant as well. 

Proof. One can check directly that the sequence of maps defined by 

n 

9n ■■= - gio fko {gi), 

k=2 leni' 

\I\=n 

for n > 2, define a morphism of formal supermanifolds with the desired property. □ 

2 Trees 

Trees were first used by Kontsevich/ Soibelman [9] to describe the Aoo-structure that 
a DG module, homotopy equivalent to a differential graded algebra inherits. We 
have a similar objective, but for Loo-algebras instead of Aoo-algebras. Trees in our 
definition are always binary trees. We give a definition of binary trees and assign 
several invariants to them, which are important in order to get good signs later on. 
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2.1 Definitions 



A (binary) tree with n leaves consists of a pair (j) = (0, V) where V = {Kq, . . . , Kn-2} 
denotes a set of ramifications and (f) : {Ki, . . . , Kn-i} — ^ {Kq, • • • , -fC„_i} is a map, 
such that for each i = 0, . . . , n — 2, 

(i) the inverse image (j)~^{Ki) contains at most 2 elements; 

(ii) there is an n > such that 4'^{Ki) = Kq. 

Kq is called root of (f). There is a tree with one leaf and no ramification which will 
always be denoted by r. An orientation of a tree (1^, V) is a family vr = {t^k)k&v 
of inclusions ttk ■ (t>^^{K) — > {1)2}. The triple = (^i^j^r) is called an oriented 
tree. For each oriented tree {(p, V,7r), there is a natural ordering on the set V: For 
K eV\Ko, suppose that ^"^(K) = Kq. We set 

^ 3"* 3"*~i -|- . . . -|- ^ 

Set v{Kq) := 0. Then v : V — ^ R is injective, hence it induces an ordering on V. 
When we write down the value v{K) of a ramification K in its 3-ary decomposition, we 
just get an algorithm, how to get from the root Kq to K. For example 0.1121 means 
"go (in the driving direction) right-right-left-right". When ((f>, V, vr) is an oriented tree 
with n leaves, we can extend the map to a map (f) : V\ Kq U {1, . . . , n} — ^ V such 
that 

(i) For 1 < i < j < n, we have (f){i) < <j){j). 

(ii) For each K , (j)^^{K) has exactly 2 elements. 

The numbers 1, . . . ,n stand for the leaves of (p. Furthermore, we can extend the map 
V : K — > [0, 1) on y := y U {1, . . . , n} in such a way that the 3-ary decomposition of 
v{i) describes the way from the root to the i-th leaf of (f), lor i = 1, . . . ,n. Then we 
have v{i) < v{j), ior 1 < i < j < n. In consequence, we have an ordering on V. 

Two trees {(p, V) and (0', V) are called equivalent, if there is a bijection / : V — ^ V 
of the ramification sets such that f o cp = cp' o f . Two oriented trees (cp, V,7r) and 
{(p' , V',tt') are called oriented equivalent, if there is a bijection / : V — > V of the 
ramification sets such that f o cp = cp' o f and tt' o / = tt. When we draw oriented 
trees, we shall put elements K' of (p~^{K) down left of K if nxiK') = 1 and down 
right of K if TTKiK') = 2. 

Example 2.1. The following trees with three leaves are equivalent but not oriented 

equivalent: 

C) 
0.1/ \ / \0.2 




0.11 0.12 0.2 0.1 0.21 0.22 

For each ramification and each leaf, we have indicated its value. 
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Set Ot(n) to be the set of equivalence classes of oriented trees with n leaves. Observe 
that the cardinahty #Ot(n) of Ot(n) is given by the (n — l)-st Catalan number 
Cn-i = TiC'^n-i'') ^^'ch equals Using Stirling's 

V2^ ■ (^f < n! < 2 • V2^ ■ (^)", 

we get the following: 
Lemma 2.2. #Ot(ra) < 4""!. 

The set Ot(2) contains just one element. We denote it by /3. The set Ot(4) contains 
just the following elements: 



For a tree {4>,V) and K ^ V, there is a tree with root K and ramifications 
{K' G V : (p'^{K') = K for an n > 0}. We have to introduce several invariants: For 
a tree (f) with n > 1 leaves and 1 < z < n, set w^{i) to be the difference of the number 
S(j){i) of ramifications of (f> which are smaller than i and i — 1. (i — 1 is the number 
of leaves of (p, smaller than i.) For K £ V, set w^{K) := w^^^\^{K), where on the 
right hand-side, K is considered as leaf of — 01 a'- 

Remark 2.3. For K £ V, the integer W(f,{K) is just the number of I's arising in the 
3-ary decomposition of v{K). 

Now, for each tree 4> with at least 2 leaves, set e(0) := Set 
e(T) := 1. For example, we have e(/3) = —1. For the first tree in Example 2.1, we 
have e(^) = —1, and for the second tree in Example 2.1, we have e{4>) = +1- 

Now, let L be a graded module, (p an oriented tree with n leaves and B = {bK)KeV 
a family of bilinear maps L® L — > L. Recursively, we want to define a multilinear 
map 

(t>{B) : L®" L. 

(1) If ^ has one leaf, i.e. B is empty, we set ^{B) := Id. 

(2) If (f) has only two leaves, i.e. V = {Kq}, for a bilinear map : L® L — ^ L, we 
set 0(6o) := ^o- 

(3) If 4>~^{Kq) contains exactly one element, say Ki, and TrxoiKi) = 1, we set 

(PiB) := 6o o {(p\KA(.bK)KeV\Ko) !)• 

(4) If (f)''^{Ko) contains exactly one element, say Ki, and TTKoiKi) = 2, we set 

</.(B) := 6o o (1 ® ct)\KA{bK)KeV\Ko))- 
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(5) If <l)-\Ko) = {Ki,K2} with (pKoiKi) = 1 and <f)Ko{K2) = 2, we set 



:= bo o {(l)\Ki{{bK)KeVi) ® 0k2((^x)xey2))- 
Here, Vi denotes the ramification set of and V2 the ramification set of ^li^j. 

2.2 Operations on trees 

Addition Let (0, F, vr) and {(p',V',7r') be oriented trees with disjoint ramification 
sets. Let i? be a point in neither one of them. Set V" := V UV' U {R}. We define a 
map ^-.V'XR^ V" by Vl^i^o ■= ^\v'\K', ■= 4>' and V(ifo) := ^-(^0) ■= R- 

There is a family {7^x)k&w of inchisions vr^ : ■ip''^{K) — > {0, 1} with tt^ = ttk, for 
K eV,TT'^ = Tr'j^ for K G F' and 7r^(Ko) = and 7r^(i^o) = 1- Now, we set 

(</.,y,7r) + (</.', y',7r') := (i^X'^'). 

For example, we have r + r = Each tree can be reconstructed by addition out 
of copies of T. It is obvious how to define the addition of non-oriented trees. The 
addition of oriented trees is not commutative. The addition of non-oriented trees is 
commutative. 

Subtraction Let {(f>, V) be a tree with n leaves and K £ V. Let I be the number of 
leaves of The definition of a tree (p — 4'\k with n — I + 1 leaves is quite obvious. 

Composition Let ((/>, tt) be an oriented tree with n leaves and let {tp^^^ ,V^^\ tt^^^ ) , 
. . . , (\p^^\ 7r(")) be oriented trees. Let W be the disjoint union of and all 
For K & V set n{K) := 2 — \(j)~^{K)\. (This is the number of leaves belonging 
to K.) Let K\ < . . . < Ki a[\ elements K oiV with n{K) > 0. We define a map 
$ : W\Ko — > as follows: For K G V\Kq, set ^{K) := (t){K). For K G V^^\K^\ 
set '^{K) ■— and define the values of $ on the by 

(cl.(i^«), . . . , ■.= {K^,...,Ki,...,Ku...,Ki). 

m times n; times 

Then, ($, Vl^) is a tree with a canonical orientation vr', given as follows: For each 
i, K e F« and K' G ^'^{K), we set 7r'(K') := 7r«(K')- For X G F and 
if' G n T^, we set it'{K') := 7r(Er'). It remains to define vr^. on elements 

of '^-^{K.i) \ y, for i = 1, . . . ,L So, if n{Ki) equals 2, then ^'^{Ki) \ V has two 

elements, say kJ-''^ and /C^''^ with 3 < k. Set ^^kAKq^) ■= 1 and <pK\iKP) ■= 2- If 
n{Ki) equals 1, then ^^^{Ki) has one element in V , say and one element which is 
not in V, say K' . Set ^Ki{K') := 1 if ^k^K) = 2 and := 2 if = 1. 

We will denote this decomposition by $ = 4>o(^il}^^\ . . . , ^(")). The next lemma follows 
directly from the definitions: 
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Lemma 2.4. In this situation, suppose that there is a family B = {bK)KeW of bilinear 
maps L ® L — >• L. Set 5^°) := ihK)KeV o,nd fiW := for i = 1,. . . ,n. 

We have 

<t) o (V'(i), . . . , = (-i)^^p«"^"<</,(s(°)) o (V'(^) (fiW) (g) . . . (g) 

where the exponent is the sum 

V>1 V>n-1 

( Yl m(Em+--- + ( E m( E 

We remind that V > i means that the value v{V) is greater than the value v{i) of the 
i-th leaf of (p. 

3 Decomposition of differential graded Lie algebras 

Let L = [■,■]) be a differential graded Lie algebra, where the differential d is 

of degree +1. Suppose that there is a splitting r/, i.e. a map of degree —1 such 
that dr]d, = d. Furthermore, suppose that r]"^ = and rydry = rj. When we use a 
Lie bracket on Hom(L, L), we mean the graded commutator. Observe that [d, ry] is 
a projector, and we can identify the cohomology H(L) with the graded submodule 
H := Fix(l — [d,r]]) of L. Set F to be the d-invariant submodule Fix{[d,r]]) of L. 
We can consider the pair (F, d) as an Loo-algebra. As DG module, we have a decom- 
position {L,d) = {H,0) © {F,d). The aim of this section is to construct a minimal 
Loo-structure on H such that the decomposition L = H®F still holds in the category 
of Loo-algebras. We begin with the construction of an Loo-algebra map g : F ^ L. 

In the next theorem, for a tree (j) G Ot(n), we write for the multilinear map 
<^([., •],..., [•,.]):L«"^L. 

Theorem 3.1. The following graded anti- symmetric maps Qn '■ L"®" — > L of degree 
1 — n define a morphism g : F — > L of Lao-algebras: 

gi :=inclusion 

92 --^ ■ [??•,•] oa2 

9n:={^r-' E ^o(^"-'®l)o«n 

(?ieOt(n) 
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Proof. 



(-ir-Vo(d®l®"-')oai,n = 

(^f-i J2 $o(r/®'*-i«)l)o(l®^«)d«)l®^)oa„ = 

4>eOt{n) i+j=n-l 
</)eOt(n) i+j=n-2 
</)eOt(n) i+j=n-l 

i^r~' E E ° (^'~' ® 1) ° *2 o ® 1) o aj] o ai,n+ 

i+j=n 4>ieOt(i) (t>2eOt(j) 

i^T'' E do^o{n^^-^0l)oan = 
</)eOt(n) 

^ E o«^,n + C^5r^• 

^+J=n 

Thus, condition (1.7) is verified. □ 

Remark that in the proof of Theorem 3.1, we didn't make use of the Jacobi identity. 
However, the Jacobi identity effects that many of the terms in the decomposition of 
Qn annihilate each other. Before using the formulas in a computer algorithm, one has 
to study this more closely. 

Now we come to the slightly more difficult construction of an Loo-algebra structure 
/X* on H := H{L, d) with fJ,i = and of an Loo-quasi-isomorphism f : H ^ L. In the 
^oo-context, the existence of an ^oo-structure on the cohomology of a DG algebra A 
had aheady be shown (for A connected) by Kadeishvili [6], Gugenheim/ StashefT [3] 
and (in the general case) by Merkulov [16]. Merkulov gives a recursion formula for 
construction of the higher products. A similar recursion formula for the Loo-case can 
be found in the article [4] of Huebschmann and Stasheff. Kontsevich and Soibelman 
[9] rewrote the higher terms obtained by Merkulov's construction (Aoo-case) in terms 
of decorated trees. Their formulas are still recursion formulas. 

We have to make some preparations. First of all, there is the following simple but 
important lemma: 

Lemma 3.2. Let n > 3 be a natural number. There is a 1 : 1- correspondence be- 
tween triples {^,K,a), where $ = ($,F, vr) is an oriented tree with n leaves, K is a 
ramification in V , a a permutation in S„ and 6-tuples {k,(p,'ip, p,j,6), where k is a 
natural number with 2<k<n — 1, (j)isa tree in Ot{k), tp is a tree in Ot(l) where 
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I := n + 1 — k, p is a shuffte in Sh(A;,n) and 7 G E^, S eTi^ are permutations. 




Example: 

The fine lines represent the tree ip and the fat lines the 
tree 4>. 

In the sequel, the first r leaves of $ will be associated to 
the indexes ct(1) = p(7(l) + fc — 1), . . . , cr(r) = p{j{r) + 
k — 1), the following k leaves to the indexes a{r + 1) = 
p((5(l)), . . . , a{r + k) = p{6{k)) and the remaining leaves 
to the indexes a{r+k+l) = p(7(r+2)+fe— 1), . . . , cr(n) = 
p(7(Z) + fe-l). 



fc=3 le 



To the triple ($, K, a), we associate the following data: Set k to be the number of leaves 
of ^\k, (p '■= ^\k, ip := ^ — (j). Let r be the number of leaves F of ^ with F < K. 
The shuffie p is chosen in such a way that {p(l), • • • ,p(A;)} = {(7(r + l), . . . ,(T(r + A;)}. 
The permutation 5 is defined by 5{i) := p~^{a{r + i)), for i = 1, . . . ,k and 7 is defined 
in the following way: 

p^^{a{i)) — k + 1 for i = l,...,r 
7(z) := < 1 for i = r + 1 

^ p-^{a{i + k-l))-k + l for i = r + 2,...,l 

In the other direction, to the 6-tuple {k,(f),il), p,j,S) , we associate the following data: 
Set T := 7~^(1) — 1. Then $ is the composition 

$ = ■00 (tv^^^, </>, r, . . . , r), 

r times 

where r again stands for the tree with one leaf. The ramification K is the root of 4>, 
considered as ramification of $ and a is given by 

p{^{i) + k — \) for i = l,...,r 
a(i) := I p{5{i — r)) for i = r + 1, . . . ,r + k 

p{^{i — {k — 1)) + k — \) for i = r + k +1, . . . ,n. 

Now suppose that such corresponding tuples ($, iC, a) and (fc, 0, ij), p, 7, 5) are given. 
Let V' be the ramification set of and V" the ramification set of 0. Then V := V'UV" 
is the ramification set of Again, set r := 7~^(1) — 1. Remark that the ordering on 
V depends on 7. We define a permutation 7 G by 



7(i) := 



for 



1 r 



+ for i = r + l,...,l-l. 



Lemma 3.3. We keep all notation from above. Let B = {bK)K(£V be a family of 
homogeneous bilinear forms L ® L — > L. Denote the subfamilies ihK)KeV' cind 
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{i>K)KeV" by B' and B" . Set W to be the set of all ramifications K E V such that 
K > K. Then we have 

il){B') 070 o5®l®...®l)op 

= (-!)'■+'■ o ( 1^ ® \ <^(P{B") 1 ® ... 1) o (7 

r times 

= (_i)'-+'-'=+Eifsw&fc--B"$(5) o a. 

Proof. Let ai, . . . , a„ be homogeneous elements of L. We get 

{tp{B') 070 {(f){B") o (5 (8) 1 (g) . . . (g) 1) o p)(ai (g) . . . (8) a„) = 

X{p, ai, . . . , an)x{S, ap{i),- ■ ■ , ap(k))- 
{il){B') o 7)( ^^(^^0(ap(g(i)) , . . ■ , ap(^(fc))) (g ap(fc+i)^(8) ■ ■ ■ cip^n)) = 

=:ui U2 ui 

X{p, ai, . . . , a„)x((5, . . . , ap(fe))x(7, "i, • • • , w/)V'(-B')(u^(i), . . . , 
Using the following three formulas 

Xia, ai, . . . , a„) = (-l)'='^+K(i)+-+«<^w)K(i)+-+«P(fc));^(p, ai, . . . , a„)- 

Xli^, ap(i), • • • )«p(fc))x(7)«p(fe+i)! • • • )ap(n))> 
® . . . ® = (-1)^"(«<^{i)+-+'^-m). 

(1 (g) . . . (g) 1 (g) (g 1 . . . (g l)(a(^(i) (g . . . (g a„(^n)), 

X(7, ni, . . . , = K(i)+-+«.m);^(7, . . . , ui), 

this expression is just 

(-l)^'^+''x(cr, ai, . . . , an)V'(-B')((l «) . . . (g 1 ® (^(S") ® 1 ® . . . ® l)(a^(i) (g . . . (g a^(„))). 
The second equality of this Lemma is just a special case of Lemma 2.4. □ 
We turn to the construction of an Loo-structure on H{L). 

Proposition 3.4. The map [d,rf\ = dr] + r]d is a projection, i.e. [d,r]]^ = [d,r]]. And 
H := Kern[(i, 77] is as module isomorphic to H{L). Remark that under the assumption 
of the beginning of this section, we have 

H = Kern d fl Kern rj. 

The bracket on L induces a Lie-bracket on H{L) and the induced bracket on H (via 
the isomorphism H — > H(L)) is just given by (1 — dri)[-, •]=(! — [d, 77])[-, •]• 
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For simplicity, we set g := ri[-, ■]. 

Theorem 3.5. The following graded anti- symmetric maps jin : iJ®" — > H of degree 
2 — n define the structure of an L^-algehra on H : 

Ail : = 

/i2 : = (l-d77)[-,-] 

l^n- = {^T~^ e((^)(^((l - [(i,ry])[-,-],5,... ,5)oan 

</>GOt„ 

Here, the sum is taken over all trees (j) with n leaves and 0((1 — [d, r7])[-, ■ ■ ■ ,g) is 
the n-linear form obtained by assigning the bilinear form (1 — [d, '7])[-,-] to the root of 
the tree (f> and the bilinear form g to each other ramification. The sign e{(f)) is defined 
in Section 2. and an is the anti-symmetrization map. 

Proof. We must show that 

o (/xfe (g) 1 (g) . . . (g) 1) o afe,„ = 0. (3.8) 

k+l=n+l 

Up to the factor (—1)""^ this sum has the form 

k (l>,tl> p,1,S 

o(<^((l- [d,r/])[-,-],5,...,5)o,5(gl(g...®l)op, (3.9) 

where k ranges from from 2ton— l,Z = n+ l — A;, ^ and ip vary in Ot(A;) and Ot(Z), 

p in Sh(A;,n), 7 and S in and S^. For corresponding tuples {k, cp.ijj, p,^, 5) and 
{^,K,a) as in Lemma 3.2, we denote as usual r := 7~^(1) — 1 and by t the number 
of ramifications of Jp, greater than r + 1. Using 

e($) = (-l)^*W('=-i)e(0)e(V') 
Wis>{K) = 1 -l-r -t 

and Lemma 3.3, the expression (3.9) can be expressed as 

J2 E e($)(-l)'-+-*(^)$(S)oa„, 

*eOt(n) KeV\Ko 

where B = {BK)KeV is the family with bxo = = {1 — [d, rj])[-, ■] and bk = r][-, ■] for 
K ^ Kq,K. To show that the last term is zero, it is enough to show the following 
two conditions: 

E E E(-ir^"*^''^<^)^((l-[^'^])[-'-]'5'---'5' ,9,...,9)oa = 0. 

*eOt(n) K€V\Ko <TGS„ 

(3.10) 
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For each tree we have 

E {-lY^'"^^''^e{m{{l-[d,rj])[;-],g,...,g,[d,rj][;-],9,...,9)oa = Q. (3.11) 

The first condition follows by the Jacobi-identity and an easy combinatorial argument. 
In equation (3.11) the term annihilate each other since the differential d trickles down 
the branches of 

Initiation of the trickling: Suppose that ^~^{Kq) contains an element K' with 
7rKo{K') = 1. We have the following picture: 

(l-[d,v])d[;-] {l-[d,vm;-] {l-[d,vm;-] 

= ^^^\ = ^^^\ _j_^_-|^jtlramific. of 

T][-,-] r][-,-] drtl,-] v[-,-] V[-,-] dT][-,-] 

Here, we only have drawn the top of the tree $ for the case where ^~^{Kq) consists 
of two elements K', K" and the corresponding bilinear forms. It is quite obvious how 
this goes when ^~^{Kq) has only one element, since = 0. 

Going-on of the trickling at a ramification K £V: We illustrate the case, where 
^-^{K) has two elements K',K" with ttk^K') = 1. 

Vd[-,-] V[,-] Vl-,-] 

_ _|- "i^^tlramific. of ^^^^ _ g 

ril;-] ri[;-] drjl;-] ri[;-] r][;-] *,[•,■] 

Iterating the trickling down to the leaves and using d\H = 0, we see that all terms in 
the sum are annihilated. □ 

Remark 3.6. The restriction of ^ defines a formal map — ^ H^. One can show 
that this is just the Kuranishi map as defined in [10]. 

Theorem 3.7. The following anti- symmetric maps fn '■ H®"^ — > L of degree 1 — n 
define an L^-equivalence H — > L (i.e. an L/QQ-Quasi-isomorphism) . 

fi : = inclusion 

h- = -9 



0GOt(n) 
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Proof. For n > 0, we have to prove the equation 

i+j=n k+l=n+l 

For 1 = 1, the right hand-side is just fin- Since 

4>eOt{n) 

it is sufficient to show the following three identities: 

- E ^[/-/>^." = (^r"' E eim[;-],9,...,g)oan (3.12) 

i+j=n Ot(n) 

// ° (<^(h •], 5, . . . , 5) o afc ® 1 ® . . . ® 1) o afc^„ = for ^ > 1, fc + / = n + 1. (3.13) 

i^T'' E e(<^)0(r?dh-],5,---,5)o«n = 
(t>e Ot(n) 

- E (-1)'^'"'^ E ■ (3-14) 

fc+'=^+i ^eot(ik) 

fl o ('?!'(c??? + 77(i)[-, •], £/, . . . ,5) o ajt (g) 1 (g) . . . (g) 1) o ak,n- 
Proof of equation (3.14): The right hand-side of equation (3.14) is 

k,l>2 

i^r-' E EE(-i)'^'"''^('^M^W5'---'5)°^° 

k+l=n+l (pytp 1,5, p 

{^{[d,ri\[,-],g,. . . ,g) o 5 ®\® . . .®\) o p. 
As in the proof of Theorem 3.5, this expression takes the form 

(^)""' E E E (-l)''+"*^'^)e($)$(B)a, 

where B = {bK)KeV is the family with 6^ = [d, ?7][-, •] and bx = ??[•, •] for K ^ K. 
Hence to show equation (3.14), it is enough to show that for each tree 4>, we have 

^Vd[;-],g,...,g)= Yl (-ir"*(''^^(^?)- 

KeV\Ko 

This is true by the same trickling argument as in Theorem 3.5. 
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Proof of equation (3.13): This is again the Jacobi-identity and some combinatorics. 
Proof of equation (3.12): 

i+j=n 

= E ^e(<^)e(V)(<^ + V)(h-],5,...,5)o«n 

i+j=n 4>eOt{i),il>eOt(j) 

*eOt(n) 

□ 

Almost in the same manner, one can realize the following: If L = {L,d, [•,•]) is a 
DG Lie algebra and /i : {M,d^^) — > {L,d) a homotopy equivalence between DG 
modules, then there is an Loo-algebra structure /x* on M with /xi = and an L^o- 
quasi-isomorphism / : (M, ^u*) — > (L,d, [■,■]), extending fi. In other words: An up 
to homotopy differential graded Lie algebra is an L^o-algebra. In the ^oo-context, this 
was already shown by Markl [14]. Applying Proposition 1.2 to the direct sum f ® g, 
we get the decomposition theorem for differential graded Lie algebras: 

Theorem 3.8. The direct sum 

f®g:iH,fi)®{F,d)^{L,d, [•,•]) 
is an isomorphism of L^-algebras. 

One can show less constructively but more generally (see [7]) that each Loo-algebra 
with splitting is isomorphic to the direct sum of a minimal and a linear contractible 
one. 

Corollary 3.9. // (L,d, [■,■]) and {L' , d' , [■ , ■]) are DG Lie algebras such that {L,d) 
and {L',d') are split, then, for each L^-quasi-isomorphism f : L — > L' , there exists 
an L^Q-morphism g : L' — > L such that fi and gi are inverse maps on the homology. 

4 Palamodov DG manifolds 
4.1 Palamodov spaces 

We want to study a class of DG manifolds (M, Q^), for which the vectorfield is 
not only formal but satisfies a convergence condition. Thus, the underlying graded 
vector space M should be a normed or at least a metric vector space. It is natural, 
for instance, to define "Banach DG manifolds", where M is a graded Banach space 
and the formal sum Yin ^.Q^ converges in a neighbourhood of G M. But in view 
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of applications in analytic deformation theory, this is not general enough since, for 
example the tangent complex of a complex space is not Banach. We have to work more 
generally with Palamodov's RO- (or in Cyrillic P0-) spaces, whose topology is defined 
by a countable family of semi-norms. We shall call these spaces Palamodov spaces 
instead of RO-spaces. We will define Palamodov DG manifolds and correspondingly 
Palamodov Loo-algebras. This generalises Bingener and Kosarew's notion [2] of graded 
PO Lie algebras. 

Definition 4.1. A Palamodov space is a vectorspace E together with a family 
(II ■ ||a)o<A<i of semi-norms such that 

II • IIa < II • IIa' for A < A'. 

A morphism / : E — ^ F of Palamodov spaces is a morphism of vectorspaces together 
with global constants e G (0, 1) and C > such that, for each element e E E and each 
A G (0, 1), we have 

ll/(e)||A<C-||e||A. 

Example 4.2. If E is the space of holomorphic functions on an open polydisk P of 
poly-radius r G M^g can define seminorms 

I/|a:=sup{|/(z)|: zeX-P}, 

for < A < 1. By Cauchy's integral formula, we have the estimation 

i\'-X)^-\df/dxi\x<\f\x', 

for A < A' < 1. If we set 

ll^a^x^llA :=^|ai.| • {x^lx = '^\a^\ • A''"' -r", 

V V V 

and C := — , we get the better estimation 

{X'-X).\\df/dxi\U<^-\\f\\y, 

for 1 — e < A < A' < 1. For the following reason, we usually use the Palamodov 
structure given by || • \\x on E: Let = T(P,Op) be the C-algebra of holomorphic 
functions on the open polydisk P and R = R^[xi]i^i a finitely generated free DG 
algebra over R^ with g{xi) < 0, for all i G /. The graded vector space L = Dcr{R, R) 
is then a sum of copies of E and carries the structure of a Palamodov DG Lie algebra 
(see the definition below). 
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Multilinear maps and power series In this section, E and F are graded vector 
spaces. By definition, a polynomial E ^ F oi (polynomial) degree p and linear 

degree i is a map of the form x (f>ix), where (p : E®p ^ F is a graded symmetric 
p-linear map (of linear degree i) and 0(x) = i^(x, . . . , x). Following Bingener and 
Kosarew [2], for Palamodov spaces E and F and a given e G (0,1), we define the 
following pseudo-norms on the graded vectorspace of polynomial maps u : E ^ F oi 
polynomial degree p: 

:= sup{||u(a;)||A : ||a;||A < 1 and 1 - e < A < 1} 

:= sup{(A' - \y-'^\\u{x)\\x : ||a;|U' < 1 and 1 - e < A < A' < 1} 

Furthermore, we define the following pseudo-norms on the graded vectorspace of p- 
hnear maps (j) : E^P —>■ F. 

|(/)|°'' :=sup{||0(xi,...,Xp)||A : ||xi||A < 1 Vi and 1 - e < A < 1} 

101^'' :=sup{(A' - A)^'-^||(^(xi,...,Xp)||A : ||xi||A' < 1 Vi and 1 - e < A < A' < 1} 

Remark 4.3. Suppose that E and F are graded Palamodov spaces. For each graded 
symmetric p-linear map (p : E'^^ — > F, we have 

For graded vector spaces E and F, set FffE']]* to be the set of formal sums X^^q""?' 
where Up : E ^ F is a polynomial of degree p and linear degree i. By omission, we 
mean i = or another fixed i G Z. A formal map u = YI^o^p in -^[[-^]] is called 
strictly convergent (with respect to e), if there exists a t > such that 

oo 

J2\\up\\^'' -t^ <°°- 

p=0 

A power series u = Xl^o^p i^ -^[[-^]] i^ called 1-convergent (with respect to e), if 
there exists a t > such that 

oo 

^ \\up\\^'' ■ tP < oo. 

p=0 

Each strictly convergent formal map is 1-convergent. 
Palamodov DG manifolds 

Definition 4.4. For i G {—max, . . . , +max}, let be Palamodov spaces and M := 
©M*. A coderivation Q G Coder-°(5M) on SM is called 1-convergent (resp. 
strictly convergent) with respect to e, if the formal sum Q := ^Qn in M[[M]]^ 
is 1-convergent (resp. strictly convergent) with respect to e. A coderivation Q is 
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called convergent with respect to e, if for each component Qn G Multn(M, M), 
we have |(5n|^'^ < oo and if the formal sum Q := ^Qn, considered as formal 
map M^o — > M^o is strictly convergent with respect to e. Denote the set of all 
convergent coderivations of SM of degree i by Coder^{SM) and set Coder (SM) := 
®i>oCoder\SM). 

We want to emphasise that by graded symmetry, the odd components of m only give 
a linear contribution to the term Q{m). 

Proposition 4.5. The sets of 1-convergent, strictly convergent and convergent coderiva- 
tions, respectively of SM are graded Lie subalgebras of Codei-^^SM) . 

Proof. We only prove the statement for 1-convergent coderivations. We must show 
that, if Q and q are 1-convergent coderivations, then [Q,q] is 1-convergent. Fix Aq, Ai 
such that 1 - e < Ao < Ai < 1. Set A := i(Ai - Aq). 

(Ai-Aor-i||[Q,CllA„ < 
2--i(A-Aor-iEfc+;=n+i(IIQzfe(x),a;,...,x)|Uo + lk/(Qfc(x),x,...,x)|Uo) < 

Thus, 

By the Stirling formula, we have - — (f^Zijr ^ (2e)"^^, hence 

n k I 

which is finite, for small t. 

□ 

Definition 4.6. A formal DG manifold (M,Q^^), where M = ®f^_jAP is a graded 
Palamodov space and G Coder\SM) will be called Palamodov DG manifold. 
If M is Banach and the Palamodov structure is given by || • ||a '■= II ' ||i each 
A G (0,1), then {M,Q^) will be called Banach DG manifold. A morphism 

/ : M — > of Palamodov DG manifolds is a morphism / of formal DG manifolds 
such that ll/nll^''^ is finite, for each n, and such that the formal map / = Yin 
strictly convergent as a map M-^ — > M-^. 

The following inverse function theorem shows that Palamodov DG manifolds are well 
behaved: 
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Proposition 4.7. If f : M ^ N is a morphism of Palamodov super manifolds (resp. 
Palamodov DG manifolds) such that f\ is an isomorphism of Palamodov spaces, then 
f is an isomorphism. 

Proof. The proof of Proposition II. 8. 4 of [2] apphes directly to this situation. For 
convenience, we indicate it, however. It uses the following statement: Let X^p7pi^ the 
Taylor series at zero of the function ^ — — t. The jp are all positive and have the 
property that for any p,q > the inequality ^g^i^ ■ ■ ■ ■ ■ 7?^ < 7^ holds. A 

power series ^pCLpt^ with nonnegative coefficients Op converges near zero, if and only 
if there exist constants C,R > such that ap < ^p ■ C ■ BP , for all p > 0. 

For n > 1, let gn : A?"®" ^ M be the map defined as in the proof of Proposition 1.2. 
The only thing to verify is that the formal map Ylq ^,9q • ~^ M-^ strictly 

converges. Without restriction, we may assume that M and N are positively graded. 
By assumption, there are real numbers C,R > such that ^\fp\^''^ ^ ■ C ■ BP, for 
each p. Chose C", R' > such that 

ii5iir'^<7i-c'-i?' 

and 

oo 

{J2lp{C'-Rr-')-\\9i\\'''-C.B<l. 

p=2 

We show by induction on q that ^Hygll^'*^ ^ Jq ■ C ■ {Biy, for each q. The case q = 1 
is already done. For g > 2, we get: 

V V ^lloi IP'^I f IP'^ • • 11(7- 11°'^ < 

l^p=2 l^n+...+ip=n p\i\\\y^\\ \Jp\ WiJnW ■■■ My«pM ^ 
E;=2 En+...+v=n Il5i||°'^7p^?i?^7n • • • • • li^iCYiBr < 

(E;=2 ip{c'RY-')\ bi I ?^^CRC\{Br < 

1,C'{B'Y. 

□ 

4.2 Decomposition of Palamodov DG Lie algebras 

In this section, we will prove our main result, an analytic version of the Decompo- 
sition Theorem 3.8. To this aim, suppose that L = (L,c/, [■,•]) is a Palamodov Lie 
algebra, equipped with a splitting rj oi d such that each component 77* : — > 
is a morphism of Palamodov spaces. In general, it is very difficult to construct such a 
splitting. For the case, where L is the tangent complex of a complex space, this was 
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realized by Palamodov. Generalisations of Palamodov's splitting construction can be 
found in [2]. In the Banach situation, the construction is much easier. 

Again, without loss of generality, we may assume that rf' = 0, rjdrj = ry and drjd = d. 
Prom now on, L stands for the quadruple {L,d^ [•, -j,??). We define the -Loo-structure 
on H = Fix(l — [d, r]]) an the Loo-niorphism / : H — > L exactly in the same way as 
in Theorem 3.5 and 3.7. Both, H and the complement F of H in L inherit the graded 
Palamodov space structure of L. First, we show that H = {H,ii^) is a Palamodov 
Loo-algebra. 

Lemma 4.8. Let E he a Palamodov space, (f) G Ot(n) a binary tree with n leaves and 
gi, ■ ■ ■ ,gn-i £ Mult2(L^, E) bilinear forms. For e G (0, 1) and each i = 1, . . . ,n — 1, 
suppose that bi := H^iH^'^ and Cj := are finite. Then, we have the following 

inequalities: 

m9l,---,9n-l)\\''''<bl-...-bn-l 
Mgu . . . ,gn-ir\\^'' <{n- l)"-^ci ■...■Cn-1 

Proof. The first inequality is easy. We prove the second one by induction on n. There 
is only one tree /? with two leaves and (3{gi) = gi. This proves the case n = 2. 
Suppose that the statement is true, for each m, < n — 1. We have to show that for 
fixed Ao < Ai in [1 — e, 1) and for each element x G E, we have 

(Ai - Xor-^Mgi, ■ ■ .,gn-ir{x)\\xo <{n- l)"-'ci • . . . • c„_i • ||a;||^^. (4.15) 

We have ^(ffi,. . • ,5n-i) =51° V'i(32, ■ ■ . , gp)<Sit/j2{gp+i, ■ ■ ■ ,5n-i), for somep < n-2 
and trees ijji G Ot(p) and ip2 £ Ot{q). We will just write (j) instead of (pigi, ■ ■ ■ ,gn-i)^, 
ipi instead of (f){g2, ■ ■ ■ , gkT and tp2 instead of ^(^fc+i, ■ ■ ■ , 5n-i)~- Set A := Aq + 
^(Ai - Ao). Then, we get 

(Ai-Ao)-i-||0(x)|Uo = 

{n-ir-\X-Xo)\\gi{Mx),Mmxo< 
ci(n - ir-\X - Ao)"-2||Vi(x)||a||^2(x)||a = 

cigEg^(Ai - xy-' ■ 11^1 (x)iu • (Ai - A)«-i • WM^m < 

By the induction hypothesis, the last term is lower or equal 

Cl (nl2)"-^ (P ~ 1)^'~^C2 • . . . • Cp{q- l)1~^Cp+i ■ Cn-1 ■ \ \x\\l^ < 

(n- l)"-^ci • ... -Cn-i ■ ||a;||^^. 

□ 

Theorem 4.9. The Loo-algebra {H, /i*) is Palamodov and the L^o-maps f : H — > L 
and g : F — > L are morphism of Palamodov L^c^- algebras. 
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Proof. The proofs of all three statements go almost in the same way, thus we only 
prove the first statement. Set c := and k := ||[-, -Jll^'^. By Lemma 4.8, we have 

\m; -ui; •],... ,r?[-, -Dii^'^ < (n - 

hence 

llAnll''^ < n!(-^^^)"-i#Ot(n) • • 

< n!(n-ir-^-(2fcr-^-c"-2 < oo. 

The last step is by Lemma 2.2. This proves the first condition for the convergence of 
/X*. To prove the second condition, set 

K := |(co)restriction of [•, •] to L-^ (g) L-^'S 

which is finite by the assumption that L is Palamodov. By Lemma 4.8 and 2.2, we 

get 

Wi^nlf'' < ^#Ot(n)/^"-ic"-i = 2"-in!K"-ic"-2. 

Thus, for small t > 0, the series Yin ^H/^"!!'^'^ ' converges. □ 

Applying the inverse function theorem, we finally get the main result: 

Corollary 4.10. If {L,d, [•, •],?/) ts a Palamodov DG Lie algebra with sphtUng r], then 
we have a decomposition 

iL,d, [;■]) = {H,i^,)®{F,d) 
in the category of Palamodov L^-algehras. 
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